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a calculation is submitted of the diffusion coelficient of a=-oma

winich have penetrated into the interrodes of body-centred cucic crystalline
N e e .
~ztilice of a binary alloy which may De in an ordered state.
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Iintrecuction

We shall consider the birary alloy of metals of the A and 3 substituticnsal
type. Assume that the alloy nas a body-centred cudic lattice and may be found
in an ordered state. Assuwze that the atoms of any tnird element C have
penetrated into the interrodes of the crystalline lattice of the alloy A-B.

It Is assumed tnat the atoms C have a sufficiently small radius for it to be
possible tc neglect deviations of the lattice of the alloy A-B in the case

of its penetration. The constant of the lattice a, and the energy of the

interaction of different pairs of atoms will be coasidered to be independent
of the composition of the alloy, of the concentration of the penetrating
atoms, and of the cdegree of ordsred arrangement.

The aim visualised is to determine the diffusion coeff: -ient of the atoms
C which have penetrated, assuming the presence in the alloy of a zradient of
concentration of these atoms. It is well-known that current experimental
metheds make i1t possible to measure the diffusion coefficient at such
temperatures thet many allcys are in an ordered state. This affords the
possibility in principle of studying by experiment the influence of ordered
arrangexent on diffusion, and enables the vresentation of the calculation
submitted below.

Section I. Determinetion of the mean height of potential barriers for the

transition of penetrated atoms from one internocde into an adjacent
one,

. .
It is well-knovn (1) that atoms C which have penetrat«d into internodes

mey assuue pogitions of stable equilibrium corresponding tc centres of the

boundaries and to the mean of the edges of elementary cubic cells.

We shall call nodes of the crystalliine lattice of an ordered alloy A-3
determinative for atoms A, rodes of the first type, and nodes detverminative
for atom B, ncdes of the second type. 4ssume for example that nodes of the
first type are situated at the summits of cubic lattices and that nodes of
the second type are at tneir centres. Then, among the internodes mentioned,
there will be found internodes of the first type O, (centres of boundaries),

having four adjacent nodcs of the first type, at a distance a_ and two

V2
adjacent nodes of the second type at & distance (footnote 1) a, and

———

2
internodes of the second type O, (centres of the edges), having four

neighbouring nodzs of the second type at an interval o, and two neighbouring

vz

nodes of the first type at an intcrval of & . Consider now the positions

2
P of the penetrated atom C corresponding to the summit of th- potential
barrier for its transition from one internode into the neares. neighbouring
internode, that is. from the centre of the boundary to thz centre of the
ecge, or from the centre of the edge to the centre of the bourdary. (We
shall consider only these more probable transitions). Iu will be assumed
that this position P is situated along the middle of the secticn Joining
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the said neighbtouring internsdes (footnote 2). Then, all pusitions P will
have four rearcst ncignbouring nodes at a uniform interval V5 a_, among
YR L Y L’.
wnich trere will alweys be two nodes of the firs type and two -odes of the
second type. The nodes following in distance will be found to ve a
consideredly greater distance V13 a_ from the distance P and those il be
L0 :

neglected in the ca.culation of the potential energy of the atom C in tis
position P. Ve shall denote the encrgy of interacticn of the pairs of Ci and

CB by Voa and Veg? putting

la \
v ao) a, v < Js > ~
CA(V'Z- =-A,VCAK-—2-..—a, CA —1-—4-&0,::-0' '
g (1)
% V= - a [V :
VCB <—.9_>" B’ vCB('_%}:-b’ YCB\.._E_.aO):_.a!.

N4

We shall use the a sroximate method of calculation frequently applied in the
theory of a solid body, which may be described as the method of mean
energies., Tne essence of this method is that we shall not merely consider
the difference of configuration of neighbouring atoms surrounding any atom
of interest to us and leading to different values of the energy of its
intersction with the nearest neighbours, but will assume that all atams in
position. of a determined type (01, 02 and P ) have a uniform energy of

interaction with neighbouring atoms, equal to the mean energy for all
positions of the type considered. The use of this epproximate method of
course entails a certain degree of inaccuracy in the caleculation. Tt may,
however, be considered that the basic qualitative characteristic propertiecs
of the influence of order and composition on the diffusion coefficient will
be the more correctly transmitted in such an approximate theory the less the
difference between each other of the energies of interaction of the pairs
CA and CB. Actually, celculations merely taking into account all possible
configurations of atoms adjacent to that considered as taking part in the
diffusion of atoms, and leading to considerably more cumbersome equations
have shown that almost a2ll basic qualitative characteristics of the solution
ere maintained also in this more precise theory. Above all, the evaluaticn
of the error assoclated with the use of the method «f mean encrgies was
adopted lor the constants selected further in section 4, when, in the interval
of relative concentrations of the alloy A-B, differing fro.u the value
corresponding to the stoichiometric composition by no more than 0.20, the
degree of error was found not to exceed 20% in terms giving the effect of
order of the diffusion coefficient.

The probabilities of substitution for nuclei of the first and second
type of atoms of A and B will be indicated respectively by

P(l), P(iz P(;), and P(g). Then, taking with the reverse sign the mean

potential energy of the atom C from the position O1 equals
Q
(D34 50 )4 262 a4 52
UO1=u<PAA+PB + 2Py a+ Pyl b (2)

In a quite similar manner, the potential energy of the atom C takep
with the reverse sign in the position of the second type (02) may be written
in the form:

U, =+ (P(i) A+ P(g) B) .2 (P(l) 8 + P(;) b) (3)




and in the position P

T ), o(2) (1), (2, |

~ i 2 1 2

Ly (® +PA)a+(PB +PB)6_J (&)

U

vy

—~

Ve determine the mean height Uyp of the potential barrier for the

transition of the atem C from 0, to O, (Figure 1). Clearly:
b _ (1) (1) (2) (2) ,
Uy, = 601 - Up = b (B, A+ P B) + 2(F) a+ Py D) -

-—

. (5)

-2 [:(P(l) + P(i) ) &+ (P<;) + P(g) ) P

For the transition from 02 to O1 the corresponding val es will be equal to

U, =Uy -Uy=k (:e(i) A+ P(§> B) + 2 (P.(Zt) 8+ P(;) b) -

RO O RO IR ©

The positive character of the values of Uyp and Upy should be considered

as limitations imposed”on the possible selection of purameters 4, B, a, b,
¢ and f.

Section 2. Distribution of included atoms C along internodes of the
first and second type.

We shall denote by n the concentration of included atams (number of
atems of € in 1 cm’). These atoms have different energy in the internodes
O1 and 02. By n, and n, respectively we denote the concentrations of the

atoms C in the internodes O1 and 02. Then:

o
-
nN

rom

ot T (7)
nE kT

tilising the fact than n, + 0, =n and intruducing the designation

AU = U01 - an = Uy, = Uy (8)

we obtain the following expressions for r, and Dy




This same result may be obtained by another methed considerins transitions
of atoms C from the position 0, to G, (in the cuse of grad n = 0 ), and alsc

from the position O2 to O1 and equating the nurber of transitions of both

types, completed in unit time, that is from the equilibrium condition (20).

Section 3, Determination of the diffusion ccefficient of included atoms

Assume in the alloy the creation of a gradient of concentration of
e U hung we ok axes parallel U fle wlgo Of the culls wunlens,
Consider two neighbouring atomic planes in the alloy 4-B, perpendicular to
the x-axis, which will be denoted I and II (Figure 2). The distance between

these planes dx = a,e On these same planes are situated also the atoms C,

2
which are in the internodes. Assume that the plane I passes through nodes

of the second type. For one square centimetre of this plane, there will be

%2 of the internode type O1 and~%2 of' the type O,. Further, for 1 cm2 of

) (o)
the plane II, which passes througn nodes of the first type th:re are situated

%2 positions of the type O1 and.gz vositions of the type O

[+] a
]

find that the probabilities of substitution of an internode of the type O
and 02 by the atom C are equal respectively to

° It is easy to

1

2 3 _
W& =3 n1 a’ and W, =

3 5 n ag . ' ' (10)

2

(Y] P

Therefore, on 1cm2 of the plane I (in;ersecting the x axis at the point x),
will be located

L 2
Yo, = 3% ™ () (11)

of atoms C in the internodes of type O1 and

I
v = 1
% T 8 My (3) (12)
of atoms C in *nternodes of the type 02.

On one ca® of the plane II (intersecting the x-axis at the point
x + dx) we find

I 1 4
vo1 =3 8,7 (z + ar) (13)
of atoms C in internodes of the type O1 and
II
. 2 “&

of atcms C in internodes of the type 02.
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We determine the number of atoms C which pass per swcond from 1 cm2 of
the plane I onto the plane II., It will be seen from Figure 2 <hat the
transitions shovm can be achieved cnly by atoms C located on the plane I, in
internocdes of the type 01, when they will pass into internodes of the t pe

0, (on the plane II). We shall henceforward restrict consideraiion te the par= !
wimdor case when the concentration n of atoms C is gmall by comparizon w.osa

a rurber of internodes per 1 cm”. Then, it is possible to ne lect such rare *
events as the presence of t2 atoms in neighbouring internodes, one of whica ;
is situated on the plane I, and the other on the plane II. Z

; In this connection th¢ probability of transition of one atom C from

} tre plane I from an internode of the type 01 onte a detcrmined internode of

: the type O, of the plane II, per unit time, as i3 'mown (2), ma_,f be written
in the follovding fora:

V, -—%e i (15)

The value 7 will be considered to be apnroxdmately independent of the
composition and order in the alloy. The atom C considered on the plane I
rmay pass only into one neighbouring internode on the ;Ela.ne II. The number
of atoms C therefore, passing per unit time from 1 of the plane I onto
the plane II, equals

u
a _ 12
2 O kT /
Sto1r=vo, M2%3 T M (z) e (16)
Ve calculate the flow S"’I -1 of atoms C. In the precisely similar way,
we obtain -
II
Sir-1 = Yo, Va1 o

where the probability of transition of the atom C from an internode of

type O2 onto a determined neighbouring internode of type 01 has the form:
sl )
.l 17
Vo = 7€
. 2
- 2 kT 18
Thus, SII—*I=.5—?E n, (:r+d:c)e ( )
an, (2)

Noting that n, (z + az) = n, (1) + —=—— dr,
2 2 ar

where dx = e we obtain for the resulting diffusion flow S of atam C the

following exf:ression:
‘t' 2 a0 C 14 - '—2
;- sy feed [ R
u Hoq
- n, (x)e"'--i-;},--cl::2 e KT (49)

éx
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The first two components in square brackets of egquation (19) rufer 42 one
ana the same value of x, It is therefore possible to consider them for tho
case when grod n = 0, and consequently dn2 = 0, In the meantime, the
dx

diffusion flow S rust be equated to zero, which, according to (15) takes
rlace if the following equilibriwc condition is fulfilled

u u
-2 -2
n, (x)e KT = n, (x) e X7 (27)

It is easy to’see that this equation is actually satisfied by the expressions
found sbove, (9) for n, and n,. Thus, applying (20) and (9), from (19) we
get: :

. dn ne
S = - D-d; (CA)
Here, the dirfusion coefficient D of atoms C has the form
2 U, 1
% TW =
. D= 3 © 140K (22)

which, utilising (8) can be written in the form:

R
¢} xT 1 -
D= 3 © Au (23)
.o
+ ©
or in the symmetrical form
2 4
a u u
o} 12 21
D = 2 N (2)
¥ e kT + e kT
The dependence of the values Uy Upy and AU on the relative concentration ¢

of t‘n? t;tom A in the alloy A-B, and on the degree of further order
1

P, =C 1 1
7 = === (where q = 2c for c <—2-a:~.dq=1forc>§)maybefound

with ths aid of the known equations (footnote 3) for the probubility of
substitution of nodes of the lattice

P(l)=C+Y'ﬂ. P(;)M—C-Ym
(25)
?(f)w-vn, P(§)=1"C+ij

where ¥ = q -~ o.
Applying (8) (6) and (25) we find

» ' " A | "
AU s 2u, Uy, =0 +u, Uy =u-=U,

-1

where u =2 {2[Ca+ (1 -C)B] +Cas (1-Ch=2([Ca+(1-0C,

W' s2[2(A-B)-a+dlym (26)




Then u’
~ kt
D =D, ¢ _—
o uu (27)
ch XT
2
%
wierce D o= ——
o
suesions (26) ana (27) ive the relationship betweon tne I17™:sion
coellicient D of the incl ded atoms and the composition and de e od

Py

furtier order of tihe alloy A-3. In the determinavion of the t..oulaiure ond
corcceniration relationship of D in the ordered state of the alloy, it is
nceessary to consider that on the iemperature and comwosition depends alpo

the degree of further order v, To evaluate the character of this relationship,
iv 4o pubsivle TO use tne equation of' order familiar from statistical theory

16e L gppli=C=ym) (€ v yn) ’ (28)
KT (1 -C=yn) (C - n)

where € is the characteristic constant for the given ordered alloy,
assoclated with energies of interaction v of pairs of neighbouring atoms in
L6 a110y a=D Dy oG ogu-*i -~

=23 <i23'a°> - V‘m<%a°> - Vaa<%a°> (29)

and with the temperature To the transition order-disorder by the
relationship
86 \
- — 1 - ¢c). o}
T, % C ( c) (30)

ram (28) it is possible in the casc of every value of ¢ to find
graphically the dependence of 7 (7).

Section &, lsscssment of resulis.

analysis of the equations cblained lecds to the following conclusions,

1. Remerature relastionsrin ol the difusion coefficient

'
From (27) it follows that Tor T o» Waen 7 = 0, and :; =1, the
>

>
4
curve for the dependence of log D on 5 represents a siraight line, The

same type ol devendernce is obtaired in the case of urordered alloys ~-% for
aroitrary temperatures., For ordered alloys, at the point T =7 the susve
e¢xczined  ©as a break and at T < T, (when 7 % 0) it does not appear as a
stra-g‘: lire. However, at sulficiently low lemgeratures the relationship
vetween log O ard | aga.n differs iittie from the lincar. 0On figure 3 are

™

srovm ocurves illustrating the temperature relaticnsidp of log D for
illerent compositions (footnote #/ obtained in accordance wita (27) ard
(23). Zn thais comnection, the constants enterirg into the ecuation were
selected .n the following manner: 2. = 0.255 eV, 23 = 0.26 eV,
2a = C.30 eV, 20 =0.375 eV, 22 =0.375 eV, 23 = 0.45 eV and € = 0.0352 oV,

It will be roted that divergunces fra. ihe rectilinear relationship
bevreen log D and f:;&y . accordance with (27) be anticipated &iso in

=y

.

N in ace

-

o

~ese hases when atv@s of the trdrd inclulea elerment C dilffuse .o the

c*Js* line lattice of any binary corpound, the atorms of which av al
tezperatures up to the melting point retain cosplete order, in lids case,
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however, the divergence from the ructlxlnca* will be obtained ornly on account
of the presencr of a multiplier (eh ——) not egual to unity in equation

(27), and rot on account of a chan 2e in tne degree of further order with
temperature,

The divergerce indicated, thereiore, will be uxpres-~d rot so markedly
as in the case considercd earlier. T snould be stressea that in crdered
alloys it is rot possible to characterise the ailoy by a constant rot

deperding on the temperature of the energies of activation, for difrusion of
atoms C.

2. Concentraticn dependence of the diffusion coefficicrt

In the unordered state of the allcy, (in the unordered alloys or in the
ordered for T > To)

vhere ' is a linear function of the concerntration ¢ of atems 4 in the alloy

A-B and tvhe derendence of D on . fus T = const has a smootn character w1t1out
the presence of any sharp extremes neur the value ¢ = 0.5 corresponding to
the stoichiometric relationship (see top curve on F‘gure 4L). In the

ordered state of the alloy A-B, the curves of the dependence D(c) in the case
of constant values of T acqpire a tendency to have rminima at values of ¢ in
the vicinity of ¢ = 0.5,

Curvas of this type constructed in accordance vith (27) and (28) in the
case of the values given above for the constants are shovm on Figure 4.
The broken curve on this figure joins points of the curves with abscissae
equal to the composition of the alloys, for which the texperatures
corresponding to the curve D(c) are critical temperatures To. The top curve
D
o
(for T = 850°K) gives the relationship D{c) for alloys among w.ich already
the alloy of atolichiometric coamposition is unordered.

It will be seen therefore, tuat in ordered alloys we shouyld expect
charactoristic peculiaritics of terpcrature and concentration lependence of
the coefficient of diffusion which do not taxe place in pure metals and in
unardered alloys.

It may again be noted *rat for autodiffusicrn also, in ordered alloys,
proceeding by way of substitutior of gaps on .ne nodes of tne crystal.iine
lattice similar choracteriatics should be expected. This is indicated Yy
calculations (4 and §) of the equilibrium rusber of gaps on the rodes of both
types in crystallire lattices. In this connectior, as was snown in (5) for
the face centred aibioc lattice we shocld expect a spasaod;c change of the
diffusion coefficient with the temperature at T = ’o‘

In connection with what has been stated above, it would be interesting
to perforn experimental investigstions on diffusion in ordered alloys to
disclose by experiment the characteristics indicated.
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naideration W' ¢.ly two near neighnbours woluld nere give too ccarse

C
resuits, Therefore, for inv<rnodes vwe ahall ocnsider alBo tne presence

Tris simplifyirg assiuzpticrn does nct entail apprrenisble errcrs, since
we are considering tre alloys a-3 represeniing 3cild selutiens of the

substitution type witn fairly extensive solubility, formed from atoms
4 &and B with rear a*omie radii and single type farce fielids.

See for example Bibl. 3) equations 371) fer v = 1.
) \1

nof

Here and subseguently the ourves were constructed by .. i Xrivogiac.

2

Journal of Technical Pnysics, Vol. 24, No. 10.




. o— o - =D
I A
- “Xre K /
(5-—» f-”-./‘M' —(’){-:h—-—--—ﬂj/
et e
l : ; I// .,'//‘;
S B B
[ e e
. S S :
i i / :7 7—?
VARV
e S & e
b3 Iedz
{ b ———gradn
Pac. 2.
‘p'i-l.’)z
Q0
N
1.0 5 A y,
} | 2 | i 15 wyr
1000° %00° ao0° 700° 800°%
P.c' Q. Plc. 4.




